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RESONANCE INDEX AND SINGULAR /x-INVARIANT 


NURULLA AZAMOV 


Abstract. In this paper we give a direct proof of equality of the total resonance index and of 
singular part of the ^-invariant under mild conditions which include n-dimensional Schrodinger 
operators. Previously it was proved for trace class perturbations that each of these two integer¬ 
valued functions were equal to the singular spectral shift function. 

The proof is self-contained and is based on application of the Argument Principle from 
complex analysis to poles and zeros of analytic continuation of scattering matrix considered as 
a function of coupling constant. 


Introduction 


Let A be a real number. Let Hq be a self-adjoint operator on a separable Hilbert space Ti and 
let U be a Ro-compact self-adjoint operator on % such that 

(1) V admits a factorization V = F*JF, where F: Ti ^ JC is a closed operator from Ti to 
another Hilbert space /C and J is a self-adjoint bounded operator on /C; 

(2) The operator FRz{Hq)F*, where Rz{H) = {H — z)~^ is the resolvent of H, is compact 
for some and thus for any complex number 2: which does not belong to the spectrum 

of Ro; 

(3) The uniform limit 

Tx+ioiHo) := FRx+io{Ho)F* 
of the sandwiched resolvent 


Tx+,y{Ho) := FRx+iy{H^)F* 
as y approaches 0 exists, y € K. 

Under these conditions one can consider the following operator, which can be interpreted as the 
scattering matrix for the pair of operators {HQ,F[r), r G R, (see e.g. m Chapter 5, §5]) 

(0.1) S{X + iO-,Hr,Ho) = 1 - 2irx/lmTx+ioiHo)J{l + rTx+ioiHo)J)~^x/lmTx+ioiHo), 


where = Hq + rV, as long as the operator 1 -|- rTx+ioiHo)J has bounded inverse. By the 
analytic Fredholm alternative, the set R{X‘, Hq,V; F) of real numbers r for which the operator 
1 -|- rTx+io{HQ)J is not invertible is discrete; elements of this set were called in [Azaj IAZ5I 
resonance points. It is a well-known fact which can also be verified by a simple calculation that 
for all non-resonant values of the coupling constant r the operator S{X + iO] Hq, Hr) is unitary. 
Moreover, for all y G ( 0 , 00) and for all r G R the operator 


S{X + iy,Hr,HQ) = 1 - 2i^JlmTx+iy{HQ)rJ{l + rTx+iy{HQ)J) ^^JlmTx+iy{HQ) 

is also unitary and depends analytically on y. Further, as y — >■ -|-oo, the operator S{X+iy, Hq, Hr) 
converges in uniform topology to the identity operator 1 and it can be shown that this conver¬ 
gence is locally uniform with respect to r in R. If the value r = 1 of the coupling constant is 
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non-resonant then for a fixed number e*® on the unit circle, one can count the number of eigen¬ 
values of the scattering matrix ^(A -|- iy; Hi, Hq) which cross the point e*® in clockwise direction 
as y goes from O"'' to -|-oo. This number was denoted X] Hi, Hq) in [Pu] and was called 
/i-invariant. The /x-invariant measures spectral flow of eigenvalues of the scattering matrix. 
Pushnitski showed in [Pu] that for relatively trace-class perturbations V one has the formula 

r2iT 




X] Hi, Hq) dX, a.e. A, 


where ^{X] Hi, Hq) is the Lifshitz-Krein spectral shift function, see e.g. m Chapter 8]. There 
are several formulas for the spectral shift function ^{X] Hi, Hq) and one of them is the Birman- 
Solomyak formula which defines the spectral shift function as distribution by formula 


[ Ti:{Vif{Hr)) dr 
Jo 


for a test function ip. 

In |Az 2 i Azal it was observed that there is another natural way to deform the scattering matrix 
^(A-l-iO; Hi, Hq) continuously to the identity operator: by sending the coupling constant r from 1 
to 0. Indeed, by analytic Fredholm alternative the operator S{X + iO; H^, Hq) is a meromorphic 
function of the coupling constant r considered as a complex variable. Since the operator-function 
S'(A -|-i0; Hr, Hq) is unitary for real values of r it cannot have poles on the real axis. Thus, it can 
be continued analytically to the resonant values of r for which the factor (1 -|- rTx^iQ{HQ)J)~^ 
in the stationary formula (jO.ip for the scattering matrix is undefined. This circumstance allows 
one to measure spectral flow of eigenvalues of the scattering matrix corresponding to the path 
{^(A -|- zO; Hr,HQ) : r € [0,1]} . This spectral flow was denoted in |Az 2 HAz.'^ by A; Hi,Hq) 

and was called the absolutely continuous part of Pushnitski y-invariant. This terminology is 
justified as follows. For trace class perturbations V it was shown in Aza that 

r2iT 


1 


p^'^\e,X-,Hi,Ho)de, a.e. A, 


where {X-,Hi,Hq) is the absolutely continuous part of the spectral shift function which was 
introduced in [Azaj (see also [Azl |Az 2 | ) as a distribution by formula 


Tr(F(^(4“))) dr, ip G 
Jo 


Here Hr is the absolutely continuous part of the self-adjoint operator Hr, and we shall soon 

(g) 

use Hr ' the singular part of the self-adjoint operator Hr- The two formulas connecting ^ and 
^(“) with pL and respectively, imply that 

i^^\X-,Hi,HQ) = - 


1 

2^ 


r2-K 


pi^^\X-,Hi,HQ)de 


= -P^^\X-,Hi,Hq), 

where is the singular part of the spectral shift function defined as distribution by formula 

:= f Tr{Vp}{Hj.^^))dr 
Jo 


and where 


(A; ^1,^0) := p{9, A; Hi,Hq) - y^A; Hi,Hq) 


{“)/ 
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is the singular part of /r-invariant. Topological considerations imply that the function 
Hi, Hq) does not depend on the angle 9 and so this variable is omitted in the list of 
arguments of see [Azst Section 9]. This implies in particular that Hi, Hq) takes 

integer values for a.e. A G M. 

One can easily check that a real number rx is a resonance point if and only if the real 
number (s — is an eigenvalue of positive algebraic multiplicity N for the compact operator 
T\^io{Hs)J. This definition is independent from s G M as long as it is non-resonant. If we shift 
A -|- iO to A -|- iy, the eigenvalue (s — also changes and in general splits to eigenvalues 

{s — • • •) (■s — of Tx+iy{Hs)J, where the eigenvalues are listed according to 

their multiplicities. It is well-known and is not difficult to show that these shifted eigenvalues 
are all non-real. Let and N- be the numbers of the shifted eigenvalues in the upper C+ 
and the lower C_ complex half-planes respectively. The so-called resonance index of the triple 
(A; Hr^, V) is defined by formula 


mdres{X-,Hr^,V) = N+- N_. 


In AZ 4 I (see also 
resonance index 


Azsl § 6 ]) it was shown that Hi, Hq) is equal for a.e. A G M to the total 

^ ^ indj.es(A, iLfx) ! 

»-a6[0,1] 


where the sum is taken over all resonance points from [ 0 , 1 ], of which there is a finite number. 
Hence, for trace-class perturbations V and for a.e. A we have the equality 


(0.2) -fi^^\x-,Hi,Ho)= ind,es(A;i/,,,H). 

r-A6[0,l] 


The minus sign here appears because the //-invariant calculates the spectral flow of eigenvalues 
of the scattering matrix in clockwise direction. 

In this paper we give a new and direct proof of this formula assuming only that the pair Hq 
and V satisfy the conditions (l)-(3) above. 


Theorem 1. If Hq is a self-adjoint operator on a separable Hilbert space H and ifV is a HQ- 
compact self-adjoint operator on H such that the conditions (l)-(3) hold, then the equality fO.^) 
holds. 


The conditions (l)-(3) are well-known in scattering theory, see e.g. [BEllKKlIAjl lK^lY]. 
Three classical examples for which the conditions (l)-(3) hold for a.e. A are: 

(1) arbitrary self-adjoint operator Hq and a trace class self-adjoint operator V, 

(2) a Schrodinger operator Hq = — A-|-Vb(x) on L 2 (M'^) with bounded measurable real-valued 
function Vq{x) and V an operator of multiplication by a real-valued function V(x) such 
that |H(x)| ^ C{1 -\- 1x1)“^"“^ for some C,£ > 0, 

(3) the operator Hq is the Laplacian —A on L 2 (M^) and V an operator of multiplication by 

a real-valued function V{x) such that |H(x)| ^ C(1 -|- for some C,e > 0. 

Finally, we note that the equality (10.2h makes a nontrivial sense even for self-adjoint matri¬ 
ces Hq and V on a finite dimensional Hilbert space C”, in which case the equality can be tested 
in numerical experiments. 

For more motivation for this work one may also look at the introduction of [Azs . 


Acknowledgements. I would like to thank Prof. Peter Dodds for a useful discussion concerning 
the material of subsection ED 
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1. Sketch and idea of proof of Theorem 1 

In this section we give a brief sketch of the idea of proof of Theorem 1. Full details are given 
in the next section. 

There are two ways to deform continuously the scattering matrix 
S{X + iy; Hr, ^o)|j,=o,r=i = '^(A + iO; H,,Ho) 

to the identity operator 1: by sending the imaginary part y of energy from 0^ to +oo and by 
sending coupling constant r from 1 to 0. Why these paths are continuous was explained in the 
introduction. As the scattering matrix is deformed to the identity operator the eigenvalues of 
it are also continuously deformed to (the number) 1. The difference of spectral flows through a 
point on the unit circle distinct from 1 does not depend on 6. This difference is the singular 
/r-invariant. Now we are going to deform continuously one of these two paths to another one but 
as we do so at one point we shall encounter an obstruction in the form of poles and zeros of the 
scattering matrix as a function of the coupling constant s. Overcoming this obstruction gives the 
resonance index A^_|_ — N- which is the difference of the number of poles and of the number of 
zeros from the upper complex half-plane, where poles and zeros are counted according to their 
multiplicities. 

Firstly we deform the path (y: 0 -|-oo, r = 1) to the path {y: 0~^s,r = l&z,y = 

e, r: 1 -w 0), as shown in the figure below. The rectangle [0, -|-oo] x [0,1] is the domain of the 
operator-function f{y, r) = S{\ + iy; Hr, Hq) of real variables y and r. (Contrary to the common 
tradition, in the figure the first variable y changes along the vertical axis). This deformation 
does not meet any obstructions since the function is continuous in the rectangle [e, -|-oo] x [0,1]. 
But the deformation cannot be pushed all the way to the lower rim y = 0 of the rectangle since 
the lower rim may have resonance points at which the function f{y,r) is not continuous. It is 
to be noted however that the function /(O, r) of variable r is continuous and deformation along 
this path gives the ^(“^-invariant. As we shall see, what happens here is cancellation of poles 
and zeros such as in the function in the limit y —)■ 0. 

s—ty ^ 


y 



The three points r\,r'^,r'l represent resonance points from [0,1]. 

So far we were interested in real values of the coupling constant s. To stress on the fact that 
the coupling constant is considered as a complex variable we now denote it by s. Now we fix a 
small value e of y and consider the function /(e, s) of the complex variable s. 

While for y = 0 the factor (1 + sTx^iyJ)~^ may have real singularities (which are by definition 
real resonance points), for non-real values of y the factor (1 -|- sT\^iyJ)~^ as a function of s is 
holomorphic on the real axis. A pole r\ of the factor (1 -|- sT\^iyJ)~^\^_Q for small non-real 
values of y gets shifted out of the real axis. In general it may split into a group of several poles 
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which are listed here according to their multiplicities. We note that while for 
real values of s the scattering matrix f{y, s) is a unitary operator for any y, for complex values 
of s this is not the case anymore. In particular, for some values of s the scattering matrix f{y, s) 
may have a non-trivial kernel. These values we shall call zeros of f{y,s). It turns out that 
conjugates of the poles ..., are zeros of /(y, s) and vice versa. Formally, this can be 

seen from the following formula for the scattering matrix proof of which is a simple algebraic 
transformation; 

x/lmT,{Ho)S{z,s) = (1 + sT-,{Hq)J){1 + sT,{Hq)J)-^ x/^niT,{Ho). 
s-plane for y = s. Black dots are resonance points, white dots are zeros (anti-resonance points). 


1 


As it was discussed above, the deformation of the 5-matrix to the identity 

operator which corresponds to y-invariant is shown in the following figure. 



s-plane for y = e <C 1 . 

_I_^ 

1 


The deformation of the 5-matrix f{y,s) to the identity operator which corresponds to 
invariant is shown in the following figure. That is, to obtain ^(“^-invariant, we should circumvent 
resonant and anti-resonant points in the s-plane. Indeed, as we take the limit y —)■ 0 the y- 
invariant of the path shown below does not change for topological reasons since there are no 
obstructions, but at the same time all resonance and anti-resonance points start to converge to 
the corresponding real resonance point where they eventually get cancelled by each other (as it 
happens to the pole and the zero of the holomorphic function in the limit e —)■ 0). Once we 
get to y = 0 the path below can be deformed to the straight path from s = 1 to s = 0 since the 
resulting function /(O, s) has no singularities in a neighbourhood of the interval [0,1]. 



, 1 

/ * \ 
( • O 1 

• I 

s-plane for y = £ <C 1 


o 

° 

o 

• • 1 


Hence, the singular ^-invariant, that is the difference in winding numbers of eigenvalues of 
f{y,s) corresponding to the two deformations, is equal to the total number of windings of 
eigenvalues of the 5-matrix along the clockwise oriented closed contours enclosing those and 
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only those poles and zeros of the groups of real resonance points which belong to the upper 
half-plane, see the next hgure. 



It remains to apply the Argument Principle from complex analysis to eigenvalues of the S- 
matrix to infer that the singular |U-invariant is equal to the number of poles minus the number 
of zeros inside of these contours in the upper complex half-plane. 

We note that it is not essential to circumvent the poles and zeros in the upper half-plane. 
Of course, in this case the difference of the number of poles and zeros changes sign but this 
is compensated by the change of direction of circumvention of the contours from clockwise to 
anti-clockwise. 

Finally, some care should be taken in the case there are degenerate resonance or anti-resonance 
points. This is done in the next section. 

2. Proof of Theorem 1 

2.1. The Argument Principle. The following theorem from complex analysis known as the 
Argument Principle can be found in e.g. |Sh] . 

Theorem 2.1. Let f{z) he a meromorphic function in a simply connected domain 12 of the 
complex plane. Let ^ he a closed contour in 12 which does not contain poles and zeros of f{z). 
As z makes one round along the curve 7 the argument of f{z) makes N — P rounds around zero 
where N is the number of zeros, counting multiplicities, of f{z) inside 7 and P is the number 
of poles, counting multiplicities, of f{z) inside'y. 

2.2. Zeros and poles of the scattering matrix. Let Hq, F and V be as in the introduction. 
Without loss of any generality we shall assume that the range of P is dense in JC. Let z be an 
arbitrary complex number which does not belong to the resolvent set of Hq, so in particular the 
operator Tz{Hq) exists. We denote by S{z,s) the operator function 

(2.1) S{z-, Hs, Ho) = l- 2is^/lmT,{Ho)J{l + sT,{Ho)J)-WlmT,{Ho), 

where s is treated as a complex variable and Imz > 0. The right hand side can also be written 
as 

(2.2) 5(z; Hs,Ho) = 1 - 2is^/lmT,{Ho){l + sJT,{Ho))-^JV^mT,{Ho). 

By definition, a point s is a resonance point corresponding to z if the operator 

1 -|- sJTz{Hq) 

has a non-zero kernel. Dimension of this kernel will be called algebraic multiplicity of the 
resonance point. Non-zero vectors from the kernel will be called resonance vectors for given 
values of z and s. A point s is an anti-resonance point corresponding to 2 ; if the operator 

1 -|- sJTz{Hq) 

has a non-zero kernel. Dimension of this kernel will be called algebraic multiplicity of the anti¬ 
resonance point. Non-zero vectors from this kernel will be called anti-resonance vectors for given 
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values of z and s. It can be easily shown that anti-resonance points are complex conjugates of 
resonance points and algebraic multiplicities of a pair of resonance and anti-resonance points 
are equal, see e.g. |Az 5 l Section 3]. Resonance points will usually be denoted by and 
anti-resonance points by 


Lemma 2.2. For any complex number z with positive imaginary part the equalities 

(2.3) s) = {I + sT,{Ho)J){l + sT,{Ho)JrW^^T,{Ho) 
and 

(2.4) 5(z,s)Vlmr,(/?o) = + sJT,{Ho))-\l + sJT,{Ho)), 

hold as equalities between meromorphic functions of s. 


Proof. Using (12.ip . we have 

^yimT,{Ho)S{z,s) = v'lmr,(i/o) - 2islmT,{Ho)J{l + sT,(i7o) J)"VlmT^.(^o) 


1 - s{T,{Ho) - T,{Ho))J{l + sT,{Ho)J)-^ ^yimT,{Ho) 


1 - sT,(Ho)Jil + sT,iHo)J)-^ + sT,{Ho)J{l + sT,{Ho)J)-^ 


(1 + sT,{Ho)J)-^ + sT,{Ho)J{l + sT,{Ho)J)-^ 


= (1 + sT,{Ho)J){l + sT,{Ho)J)-^^lmT,{Ho). 


The equality ()2.4p is proved similarly but instead of (|2.1I) one uses (12.21) . □ 

Given a non-real complex number z, we say that s is non-critical if s is neither resonant nor 
anti-resonant for z. 


Lemma 2.3. Let Imz > 0. For any non-critical s G C the operator S{z,s) has a bounded 
inverse. 


Proof. By analytic Fredholm alternative, the fnnction S{z,s) is a meromorphic fnnction of s, 
which may have poles only at resonance points. Hence, for non-resonant s the operator S{z,s) 
is well-defined and bounded. 

Let s be a point which is not resonant. If tpj is an eigenvector of S{z,s) corresponding to 
eigenvalue zero, then (12.3p implies that the vector 

(I + sT,{Ho)JrW^^T,{Ho)ipj 

is a non-zero anti-resonance vector for z and s. Therefore, in this case s is an anti-resonance 
point corresponding to 2 ;. 

It follows that if s is neither resonant nor anti-resonant then S{z,s) is a bonnded operator 
with zero kernel. Since S{z, s) — 1 is compact, by Fredholm alternative, this implies that in this 
case S{z, s) is a bonnded invertible operator. □ 

Let f)z be the range of the operator : 

i)z ■= ran 

The set 1)2 is a dense subspace of the Hilbert space 1C. If s is neither resonant nor anti-resonant 
point, then by Fredholm alternative the operator (1 -|- sJTz{Hq))~^{1 -\- sJTz{Hq)) is invertible. 
Hence, the equality (12.4p implies that for such s 

S{z,s)i)z = i)z- 
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Let 

M{z,s)-.= {1 + sT,{Hq)J){1 + sT,{Ho)J)-^ 

=l-2islmT,{Ho){l + sT,{H^)J)-\ 

The equality (12.3h can be rewritten as 
(2.6) ^lmT,{Ho)S{z, s) = M{z, s)^/lmmHo). 

Since by Lemma 12.31 the operator S{z,s) is invertible for non-critical s, for such s we have 
S{z,s)IC = 1C. Hence, (12.61) implies that for all non-critical s 

M{z,s)\:)z = ^z- 

We have proved the following lemma. 

Lemma 2.4. Given a non-real complex number z, for any non-critical s 

S{z,s)[}z = ^z and M{z,s)[}^ = l:)^. 


For a given number z we say that a point sq is a zero of the meromorphic function S{z, s) if 
and only if 0 is an eigenvalue of S{z, s). Multiplicity of zero sq is the algebraic multiplicity of the 
eigenvalue 0. Geometrically, this means that if multiplicity of a zero so is m then m eigenvalues 
(counting multiplicities) of S{z,s) approach zero as s approaches sq- 

Lemma 2.5. Let z he a non-real complex number and let s be a non-critical value. All eigenvec¬ 
tors of the operator S{z,s) corresponding to eigenvalues not equal to 1 belong to All eigenvec¬ 
tors of the operator M{z,s) corresponding to eigenvalues not equal to 1 belong to ranIm 2 (iLo)- 
Further, a vector ipj is an eigenvector (a generalized eigenvector) of S{z,s) corresponding to a 
non-identity eigenvalue if and only if is an eigenvector (respectively, a generalized 

eigenvector of the same order) of M{z,s) corresponding to the same non-identity eigenvalue. 

Proof. The first assertion follows directly from (|2.1I) . The second assertion follows from the 
second of the two equalities (j2.5p . The third assertion follows from ()2.6p . the previous two 
assertions and the fact that y^lmz{Ho) has trivial kernel for non-real z. □ 

Corollary 2.6. The operators S{z, s) and M{z, s) have identical spectra, including multiplicities 
of eigenvalues. 

This corollary implies the following 

Theorem 2.7. For any non-real complex number z the meromorphic functions S{z,s) and 
M{z,s) have the same sets of poles and zeros; moreover, multiplicities of these poles and zeros 
are also the same. 

Indeed, s is a zero of multiplicity N for S{z,s) or M{z,s) iff zero is an eigenvalue of S{z,s) 
or M{z,s) of multiplicity N. 

This theorem allows us to work with either S{z, s) or M{z, s) as far as we are concerned only 
with eigenvalues of these operators. 

Corollary 2.8. For any non-real z the meromorphic function S{z, s) of s has poles at resonance 
points rz and zeros at antiresonance points fz. There are no other poles and zeros of S{z,s). 
Further, multiplicities of a pole rz and of a zero fz coincide. 
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We are interested in the following question. Assume that is a resonance point (respectively, 
anti-resonance point) of algebraic multiplicity N. In this case s = is a pole (respectively, zero) 
of S{z^ Tz) of algebraic multiplicity N. For values of s close to the operator S{z, s) will have N 
eigenvalues close to infinity (respectively, to zero); these eigenvalues are called eigenvalues of the 
group infinity (respectively, zero). As the variable s makes one round around the eigenvalues 
of the operator S(z,s) which belong to the group of infinity (respectively, zero) will undergo a 
permutation. We are interested in the total number of windings which these eigenvalues make. If 
we knew that all the eigenvalues of the group of infinity (respectively, zero) admit single-valued 
analytic continuation to a neighbourhood of then the Argument Principle would imply that 
the total number of windings would be N. But we don’t know whether the eigenvalues admit 
such single-valued analytic continuations. We shall call the total number of windings of the 
eigenvalues of 5(z,r^) about zero S-index of the resonance point Xz- Our aim is to prove that 
5-index of a resonance point (respectively, anti-resonance point) of algebraic multiplicity N is 
equal to — (respectively, N). 

The following assertion is trivial. 

Lemma 2.9. 5 index of a resonance point Xz is equal to the sum of S-indices of resonance 
points into which splits when z is slightly perturbed. 

It is possible that a resonance point Xz corresponding to z is also an anti-resonance point. 
This creates some technical difficulties. The following lemma allows to avoid them. 

Lemma 2.10. A resonance point r\ as a function of z cannot coincide with an anti-resonance 
point fi as a function of z. As a result, ifxz is both a resonance and anti-resonance point then 
if z is perturbed slightly Xz will split into resonance points none of which is an anti-resonance 
point. 

Proof. Indeed, a resonance point r* is a holomorphic function of z while an anti-resonance point 
fi is an anti-holomorphic function of z. So, they can coincide only if both of them are constants. 
But a resonance point cannot be a constant function of z. □ 

This lemma implies that slightly perturbing z we can always achieve a situation where neither 
of a finite number of resonance points is an anti-resonance point. 

Lemma 2.11. S-index of a resonance point of algebraic multiplicity N is equal to —N. 

Proof. According to Theorem 12.71 as far as the total number of windings of eigenvalues is 
concerned, instead of the operator S{z,s) we can consider the operator M{z,s). The operator 
1 -|- sTz{Hq)J for s = Xz has zero as an eigenvalue of multiplicity N. Let ej(s)|^^^ be this 
eigenvalue. When s is perturbed to a value close to the zero eigenvalue £j{rz) shifts to ej{s) 
but does not split. By the Argument Principle (Theorem 12.11) . when s makes one winding 
around this eigenvalue £j{s) makes one winding around zero. But since this eigenvalue has 
multiplicity N, it results in 5-index being equal to N. Hence, 5-index of the operator 

(1 + sTz{Ho)J)-^ 

is equal to —N. 

By Lemmas 12.91 and 12.101 we can assume that is a stable (non-splitting) resonance point 
and that this resonance point is not an anti-resonance point. Thus, the operator l-f sTz{P[o)J is 
invertible. Since 5-index is plainly stable under continuous deformations and since the invertible 
operator 1 -|- sTz{Hq)J can be continuously deformed into the identity operator in the space of 
invertible operators, it follows that the 5-index of the operator 

(1 + sTz{Hq)J){ 1 + sTz{Ho)J)-^ 
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is equal to — iV. □ 

A similar argument proves the following 

Lemma 2.12. S-index of an anti-resonance point of algebraic multiplicity N is equal to N. 

Remark 1. If zeros and poles of eigenvalues of the function S{z,s) of s for a fixed z were 
known to have single-valued analytic continuations in some neighbourhoods of resonance rz and 
anti-resonance points fz then, combined with the Argument Principle, this would directly imply 
Lemmas 12.111 and 12.121 But Lemmas 12.111 and 12.121 alone do not imply that the eigenvalues have 
the single-valued analytic continuations. For example, if a zero fz of an eigenvalue of S{z,s) 
has algebraic multiplicity four, then it is possible that as s makes one winding around fz two 
eigenvalues swap making half windings around zero and the other two eigenvalues swap making 
one and a half windings around zero, resulting in 5-index four in agreement with Lemmas 12.111 
and [2T2l 

2.3. Uniformity of spectrum of S{z, s) as Im z —>■ -|-oo. As usual, we are assuming conditions 
(l)-(3) from the introduction. 

The aim of this subsection is to prove the following theorem. 

Theorem 2.13. For any A € M the operator 5(A -|- iy,s) converges to the identity operator 
as y ^ -|-oo locally uniformly with respect to s G M. Moreover, eigenvalues ej{X + iy,s) of the 
operator 5(A -|- iy, s) also converge to 1 as y ^ -|-oo locally uniformly with respect to s G M. 

We shall use the following lemma, see e.g. m Lemma 6.1.3]. 

Lemma 2.14. If a sequence of bounded operators An converges to zero in *-strong operator 
topology and ifT is a compact operator then TAn and AnT converge to zero uniformly. 

Lemma 2.15. Let z be any non-real complex number. The operators 

FE(^_^^_M){Ho)lmRz{Ho)F* 

and 

PE(m,+oo){Ho) Im Rz{Ho)F* 
converge to zero in norm as M ^ -|-oo. 

If F is bounded then this assertion is an easy consequence of the spectral theorem. 

Proof. We prove the assertion for the first operator. By Lemma 12.141 the operator 

FE(^_^_m){Ho)Rz{Ho) 

converges in norm to zero as M ^ oo since it is product of a compact operator FRz{Ho) 
(for a proof that this operator is compact see e.g. [Azst Lemma 2.8]) and of an operator 
which converges =f=-strongly to 0 as M —>■ -|-oo. 

It follows that the operator 

FE^_^^_m){Ho)Rz{Ho)Rz{Ho)E^_^^_m){Ho)F* 

also converges to zero as A —>• M. By the first resolvent identity, this implies that 

EE^_^^_m){Ho){Rz{Ho) - Rz{Ho))E* ^ 0. 

□ 
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Lemma 2.16. Let z be any non-real complex number. The operators 

and 

FE^M,+oc){H)ReR,{H)F* 
converge to zero in norm as M ^ +oo. 

Proof. We prove the assertion for the second operator. Without loss of generality we assume 
that z = i. Then 

(2.7) FE(^M,+o.)iH)ReR,iH)F* = FE(^m,+o.){H)j^^F*. 

By Lemma [2.141 the compact operator F L1(m,+oo) (H) converges to zero in norm as M ^ 

+00. Using this one can show that the operator (12.71) converges to zero strongly as M —?> +oo. 
Indeed, for M G M let 

Tm := FE^M,+oomj^^F*. 

If / G domF* then clearly TMf —)■ 0 as M —>■ +oo. If / ^ domF*, then for any e > 0 we find 
g G domF* such that ||/ — g\\ < 4 p^. Let h = f — g. Then we have for any M > 0 

\\TMh\\ ^ IKTo - TmM + \\Toh\\ < ||To - Tm\\ 

Since for any M > 0 we have 0 ^ Tq — Tm ^ To, it follows that ||To — Tm\\ ^ ||To|| , see e.g. 
isg. Hence, for any M > 0 

l|TM(/-<7)|| = ||rM/i||<|. 

Since TMg ^ 0 as M —>■ +oo and since e > 0 is arbitrary, it follows from this that Tm/ —>• 0 as 
M —>■ +00. 

Thus, we have a decreasing directed family of positive compact operators which converge 
to zero operator in strong operator topology. It is a well-known result then that this family 
converges to zero in norm which can be deduced e.g. from [DDPl Lemma 3.5] and the fact that 
the norm ||H|| of a compact operator coincides with its largest singular value si(H). □ 

Lemmas 12.151 and 12.161 imply the following corollary. 

Corollary 2.17. Let z be any non-real complex number. The operators 

FE^_^^_m){H)R,{H)F* 

and 

FE(M,+oo){H)RziH)E* 
converge to zero in norm as M ^ -|-oo. 

In order to omit the condition “T is bounded” we need the following lemma. 

Lemma 2.18. Let F be an arbitrary possibly unbounded rigging. Then 


as y ^ -|-oo. 
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Proof of this lemma is obvious, if the rigging operator F is bounded, 
have an estimate 

m+iyiHo)\\ = \\FR^+,y{Ho)F*\\ ^ ||F|| Pa+*,(^o)|| < 

Moreover, in this case the convergence is uniform with respect to F[q. 

Proof. We write 

TA+,,(ifo) = Tt,,y{Ho) + Tt^,y{Ho), 
where A is a finite open interval which contains A, A'^ is the complement of A and 

Tt+,y{Ho) =-. FRt^,yiHo)F* =: FE^{Ho)Rx+iy{Ho)F*. 

Since for a compact A the operator FEi^ is bounded, the norm of the term T^-y{F[Q) can be 
estimated by 

\\FEA{Ho)Rx+iy{Ho)EA{Ho)F*\\ ^ \\Rx+iy{Ho)\\ \\EEAf ^ ^ \\FEAf ■ 

Hence, this term converges to 0 as y —>■ +oo. 

Now Corollary 12.171 implies that for any fixed y > 0 the term T^.y{F[Q) converges to zero as 
A —> M. This completes the proof. □ 

Proof of Theorem \2.P^ As can be seen from the formula (j2.1h , Lemma 12.181 implies that 
S{z,s) converges locally uniformly with respect to s G M to the identity operator. This fact 
combined with unitarity of S{z, s) also proves the second part of Theorem 12.131 □ 

2.4. Proof of Theorem 1. Given a continuous path 7 of unitary operators of the class “iden¬ 
tity + compact operator” which ends at the identity operator, we denote by y{0,'y) the spectral 
flow of eigenvalues of the path through the point A continuous deformation of such a path 
does not change the /r-invariant of the path provided that ends stay fixed, see in this regard e.g. 
[Apt] . Since for y > 0 and real s the operator ^(A + iy,s) is well-defined (this is because for 
non-real z the operator S{z,s) has no real resonance points), it is continuous in the rectangle 
{(y,s): (y,s) G [yo,ho] x [0,1]}. Theorem 12.131 in fact shows that S{z,s) is continuous in the 
rectangle {(y,s): (y,s) G [yo,+oo] x [0,1]}. This implies that the //-invariant fi{9, X; Pfi, F[q) is 
equal to the //-invariant of the path (0,1) (yo, 1) {yo,0) with very small yo. The difference 

between the //-invariant of this path and of the one which circumvents resonance and antireso¬ 
nance points ..., and ..., rx+iy group of rx from above is equal to the 

sum of S'-indices of the points from the upper half-plane. By Lemmas 12.111 and 12.121 this sum 
of S'-indices is equal to the resonance index of rx- 

Further, the //-invariant of the path which circumvents resonance and antiresonance points 
'I'x+iy^ ■ ■ ■ ’ fro™ above does not change as y —>■ O"'' (the resonance and anti-resonance points 
of the group of rx converge to rx but this point is circumvented). The path thus obtained can 
further be continuously deformed to the straight line path from s = 1 to s = 0 in the complex 
plane, since when y = 0 the function /(y, r) is holomorphic in a neighbourhood of the real axis. 
Hence, the //-invariant of this path is equal to the absolutely continuous part of the //-invariant. 
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